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V^O ' Abstract 

O , We use the correspondence between scalar field theory on AdS and induced con- 

formal field theory on its boundary to calculate correlation functions of logarithmic 
■ conformal field theory in arbitrary dimensions. Our calculations utilize the newly pro- 

posed method of nilpotent weights. We derive expressions for the four point function 
assuming a generic interaction term. 
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1 Introduction 

X. 

The relationship between field theories in (d+l)-dimensional anti-desitter space and d- 
dimensional conformal field theories was first suggested by Maldacena and since then much 
work has been done on various aspects of this correspondence [2, 3]. This conjecture can be 
stated as follows, consider the action S[<&] defined on AdSd+i and let $6 be the value of $ on 
the boundary: 

<5>\dAds = <5>b (1) 
So the partition function of the AdS theory subjected to this constraint is: 

Z Ad s[® b ] = I exp(-5[$]) (2) 

where the path integral is over configurations fulfilling (|l|). 
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The correspondence states that the partition function of AdS theory is the generating 
functional of the boundary conformal field theory. 



Z Ad s[^b} = (exp( / dxO<$> h )) (3) 

JdAdS 

The function $5 is considered as a current which couples to the scalar conformal operator 
O via a coupling J dAdS dxO^f This is an elegant and useful result, since it gives a practical 
way for calculation of correlation functions of conformal field theory . However since 2 and 
3-point function are fixed ( up to a constant) by conformal invariance , one is specially inter- 
ested in n > 3. The conformal correlators have been studied for various cases, e.g. interacting 
massive scalar field theory [4] or interacting scalar spinor field theory [5]. It is also interest- 
ing to find actions on AdS which induce logarithmic conformal field theory (LCFT) on its 
boundary. Correlation functions in a logarithmic conformal field theory exhibit logarith- 
mic behavior and first were noted by Gurarie[6]. Logarithmic operators appear when two 
(or more ) operators are degenerate and have the same dimension ,hence the Hamiltonian 
becomes non-diagonizable.In the simplest case one has a pair A and B transforming as: 

A(Xz) = \- A A(z) (4) 

B(Xz) = \- A [B(z) - A(z) In A] (5) 

The bulk action which give rise to logarithmic operators on the boundary were first described 
in[7,8]. A new method for investigating LCFT is via nilpotent variables which was introduced 
in [9] and then was modified in [10,11]. In reference [11] a superfield was defined using a 
grassmanian variable rj and different components of a logarithmic pair and fermionic fields. 

0(x, rj) = A(x) + ((x)r) + f]((x) + fjr)B(x) (6) 

where ((x)and((x) are fermionic fields with the same conformal dimension as A(x) and 
fjrj acts as the nilpotent variable . Now it is easy to see that 0(x,rj) has the following 
transformation law: 

6(\x,r}) = A- (A+ ^d(f,77) (7) 

If 0(x,7]) were the logarithmic operator on the boundary of AdS the corresponding field 
$(x,r)) on AdS can be extended as: 

77) = C(x) + fja(x) + a(x)r) + fjr)D(x) (8) 

where x is (d+l)-dimensional coordinate with x°,x l , ...,x d components and x = (x,x d ) and 
x d = corresponds to the boundary. In reference [12] the following action was introduced 
for free scalar massive superfield with BRST symmetry. 

S f = -l/2j d d+1 x^\ J drjdr]\7&(x, r]).V^(x, -7]) + m 2 (r])^(x, r))$(x, -i]) (9) 
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where m 2 (r]) = ml + f/rim 2 , and m^ml are defined to beA(A — d) and (2A — d) respectively 
and where g is the determinant of the metric on AdS. 

Expanding the integrand of (8) in powers of 77 and fj, integrating over 77 and fj and writing 
it in terms of four components one finds: 

Sf = -- J d d+1 x^~\[2VC{x).VD{x) + 2m\C(x)D(x) + m\C 2 [x) + 

2Va(x).Va(x) + 2m\a(x)a(x)} (10) 

We see that the bosonic part of this action is the same as the one proposed in [7]. Also note 
that in the free theory, as we expect, the bosonic and fermionic part are decoupled. In the 
language of superfield the AdS/CFT correspondence becomes 

(exp / dfjdr] f d d xO(x,ri)^ b (x,r])) = exp(-S d [$ b (£ , 77)]) (11) 

J JdAdS 

where$f,(x, 77) is the value of 77) on the boundary. In reference [12] the two-point cor- 
relation functions were calculated using equation (11), now our aim is to calculate n-point 
functions with this method. However the method used to calculate two-point functions will 
not give non-trivial 4-point functions unless interactions are also added. 



2 Interactions and n-point functions 

In order to find n-point functions[4,5,7,8,13] (n > 3)one should consider interaction terms 
in $(^,77) in addition to the free theory. Furthermore we wish the action to have BRST 
symmetry so that the correlation functions remain invariant under BRST transformations. In 
the language of superfield the infinitesimal BRST transformation is of the form: 

6$(x, 77) = (eT? + rfe)$(x, 77) (12) 

where e and e are infinitesimal anticommuting parameters. If we consider the interaction 
term of degree n in 77)the general form is: 

S 1 = \J d d+1 x^\ J dfjdr) (13) 
V = $(ar, ?7i)...$(x, Vi)-M x , Vn) (14) 

with rji = nil] and n-i G Z. 

Then change of V under BRST transformation is given by: 

n n 

5V = ^(x,ri 1 )...^(x,ri i )...^(x,r ]n )[eJ2Vi + J2^ e ] ( 15 ) 

i=i i=i 

BRST invariance leads to: 

n 

E^ = ° ( 16 ) 
i=i 
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which clearly does not have a unique solution. For n even the most symmetric choice is: 

V = $%(x,rj)$% (x 7 -rj) (17) 

But for n odd we must choose an antisymmetric division such as: 

V = $ nr - 1 (x,7})$(x,-(n-l)T)) (18) 

which is true for any n regardless of being odd or even. 

Let us first consider interaction terms of type ( |TTD for n even. 



S 1 = J d d+1 x^\ J dfjdrj^^-^ (x, ri)$$(x, -rj) (19) 

K(v) = An + Km (20) 

To write S 1 in terms of its four components,we expand fll9"|) in powers of ?7's,then integrate 
it over them and we find: 

J d d+1 x^\[^—f^(\' n C(x) + n\ n D(x))j-^C n - 2 (x)a(x)a(x)} (21) 

It is observed that the pure bosonic part of S I is the same as the on proposed in [7] and the 
fermionic part despite the free action is coupled with bosonic field C(x),this means that the 
exact solution of equation of motion for this action and the one in [7] will be different, but 
we will show that in tree level to first order in A ra the correlation functions are the same. 
Now the total action is: 

S = S f + S 1 (22) 
The equation of motion for the the field 77) is: 

(V 2 - m 2 )$(a;, rj) + $f( X; rj)$%-Hx, -rj) = (23) 

(n — 1)! 



Writing the equation of motion (|23| ) in terms of the four components we have: 

V 2 C(x) - ( mi ) 2 C(x) + - ^— C n -\x) = (24) 

[17, — 1)1 

V 2 a(x) - (mt?a(x) + , Xn C n - 2 (x)a(x) = (25) 

(n — 1)1 

V 2 a(x) - ( mi ) 2 a(x) + , Xn , C n ~ 2 (x)a(x) = (26) 

[n — 1)\ 

V 2 D(x) - ( mi ) 2 D(x) - (m 2 ) 2 C(x) + \^{{n - l)X n D(x) + \' n C(x)) + 

[n — 1)! 

X " C n - 3 (x)a(x)a(x) = (27) 
[n 2). 



We see that as pointed out earlier the equation of motion for D(x) is different with the 
corresponding one in [7], also as we expected the fermionic fields to behave like ordinary 
field with dimension A interacting with C(x). The Dirichlet Green function for this system 
satisfies the equation: 

(V 2 -m 2 )G{x,y,r]) = 6{x-y) (28) 
together with the boundary condition: 

G(x,y,r,)\ xedAdS = (29) 

The classical field <&(x, rj) satisfying equation of motion (24)with Dirichlet boundary condi- 
tion on OAdS satisfies the integral equation: 

f i — 
rj) = / d d y J\h\n"-— G(x, y, rj)$ b (y, rj) - 
JdAds v oyv 

d d+1 y^\G(x,y,r ] ))-^^^Hx,r ] )^-\x,-r ] )=0 (30) 
AdS v (n — 1)1 

where h is the determinant of the induced metric on dAdS and n M the unit vector normal to 
dAdS and pointing outwards. We shall denote the surface term in (25)by rj) and the 
remainder by $ 1 (x, rj). Then substituting the classical solution (28)into (23) integrating by 
part and using the properties of Green function we obtain to tree level: 

S d = -- J d d x^\h\ J df ] dr]n^ {x,7])d ll <l> {x,r]) + J d d+1 xj\g~\ J dr]df]^^(^ (x,r])) n 

2 H ' (31) 

The Green function for this problem is calculated in reference [12] substituting it for $°(a;, rj) 

one obtains: 

V ) = a( v ) J d d y( {xdy f w _ yT ) A+m My, v) (32) 

a{v) = l^T(a + i) =a + m ' (33) 



with 



Using the solution (p2[),the classical action to first order in A n becomes: 

/ x d\-(d+l)+n(A+fjn) 



S J d = J d d+1 x J d d y l ...d d y n J df]dria n {ri) x 



n-=i[(z d ) 2 + |£-$l 2 ] A+ ^ 

$ 6 (yi, v)-MVn/2, v)MVn/2+l, -r))-®b(Vn, ~V) (34) 

After expanding in powers of rj and fj and integrating over 77's , one obtains for the classical 
solution: 

s '« = a i I dMx f + ^ + 4 + ln mtMw^m )] (35) 



with 

f x d\-(d+l)+nA 

and 

$ 6 (yi, 77)...$ 6 (y n/2 , ri)<S> b (y n/2+ u -rj)...<S> b (y n , 77) = *i + 77* + ^77 + 7777* (37) 

Now we can derive the correlation of operator fields on boundary by using equation (11). 
Expanding both sides of equation (11) in powers of <£>ft(x, 77) and integrating over 77's the 
n-point functions of different components of 0(x,r]) can be found. So the connected part of 
the tree level n-point function to order A n for components of 0(x,i]) are: 

r a' (x d ) n 
(B(y 1 ....B(y n )) conn = a n / ^ +1 xJ n (^ ■■■y n , x)\' n + X n (n- + In - 2 ' _ ^r)] 

J a i\.i=iv\ x j +r Vi\ I 

(38) 

(B(y 1 )....B(y i _ 1 )A(y i )B(y i+1 )....B(y n )) conn = -X n a n I n (y 1 ....y n ) (39) 
(B{y 1 )....B(y i _ 1 )((y i )B(y i+1 )...B(y j )^ (40) 
with 

I n (y[....y n ) = J d d+1 x.J n (yl...y n ,x) (41) 

where the minus sign in (35-3) refers to cases (i < j < n/2), (n/2 < i < j) and {i > n/2,j < 
n/2)and all the other correlation functions being zero. As we expected logarithmic terms 
appear in the correlation functions of -B's with themselves and fermionic fields behave just like 
ordinary fields of dimension A, but their fermionic nature inhibits appearing of more than 
two fermionic fields in nonzero correlation functions. The integral /„ can be made simpler 
after integrating over x d and using Feynman parameterization [4]. The result for (n = 4) is: 

, - 2A " i x . . ^ r F (A, A, 2A; 1 - %±g - ± sinh^))^ (42) 



r(2A) (, f cn,< 3 !/«) iAj » ("O 2 < 

with 

-m 2/122/34 ^ 2/122/34 

Vij = W - Vj\V = C = (43) 

2/142/23 2/132/24 

Coming back to odd powers of $(x, rj), choosing it of the form (19) we observe that it is not 
possible to write a consistent equation of motion,for 77) as a whole. However integrating 
over 77's ,one can derive a consistent set of equations for the components. Our method does 
have the weakness that choosing either of the forms (18) and (19) is arbitrary. Even requiring 
BRST symmetry does not fix the choice. It is not clear to the authors what extra requirement 
is necessary to fix this choice. When the power is even, of course an extra symmetry under 
reflection 77) — > — $(x, 77) exists! Therefore only in the case of even powers, a choice can 
be fixed. 
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